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1. For electric and magnetic fields, show that B> — E? and E - B are invariant under
Lorentz transformation, i.e. they are Lorentz scalar.

Solution. Assume WLOG that boost is in z-direction.

B/Q_E/2 _ B/_B/_E/_E/
= B +7%(By + BE.)* +7%(B. - BE,)* — (E} +7*(E, — 8B.)* + v*(E. + #B,)
= (B2 +7*(1-0%)B; +7*(1 - 8°)B2) — (EZ +7*(1 = B°)E; +4°(1 — *)E?)
= (B2+B.+B}) - (E2+E, + E2)
— B-B-E-E
B? — E?

where
v
g o=
c
1

v

Therefore, B?> — E? is invariant under Lorentz transformation.
Again, assume WLOG that boost is in z-direction and use the definitions for g and ~
given above.
E B = E,B,+7(E,— 8B.)(B, + BE.)+ (E, + 3B,)(B, — BE.)]
= E,B,++%E,B,+ BE,E. — 3B,B, — 3°E.B,
+ E.B.-BE,E.+ 3B,B, — 3°E,B,)
= F,B,+FE,B,+ E.B,
= E-B.

So, E - B is invariant wrt to Lorentz transformation.

2. Show that the stress tensor 7,,” E/M fields has zero trace.

Solution. Consider definition of elements along diagonal of 7),”:

1
T, = —(E*+ B?%
8
i 1 2 2 1, .5 2
4 2



Taking the sum of the elements gives

tr(T,Y) = T'+ '+ T +T5°
3

1 1 1
= —(E*+ B? —Z—[E3+B§ — —(E*+ B?)

8 — 47 2
1 1 1
= —(F*+B%) - ——(E}+E;+E:+B+B:+B)+—(FE*+ B?
8T 4 &
1 1
- E2 B2 o E2 .82
1B+ BY) = (£ + B)
= 0.

Therefore the stress tensor has zero trace.

. Show that the stress tensor 7, of E/M fields is divergenceless (T%#, = 0) in the
absence of source of charge sources.

Solution. Start with the Maxwell’s equations in tensor form,

1

ART = BN, B PO o = Fag P,
1
= FFEY o, +Eo(FFYY — §F"°"”)
1
— F,uaFuaW +§Fya(Fau,,u + F,ua,u + FV,u,a)
=0
since
Fyaw: _47Tja =0
Focu,u +Fua,u +Fuu,a 0

. In a frame O, spatially uniform, time-independent electric and magnetic fields are in
the x and z directions respectively. E = EyXx and B = Byz. Find the conditions
necessary for the existence of a Lorentz frame O" in which (1) E’ =0 and (2) B’ = 0.

Solution. (1) Need to make E! = 0.

E; — _F/OI _ —AO,YAIVF’Y(S
— _A07F71 — _A01F01 - AO2F21
= —vEy + BvB,.
In order for E! = 0, need
Ey
vV=—
By~



(2) Follow the same steps for B, = 0 gives

B; _ _F121 _ —AQWAI,YFAM
— _A27F'yl — A20F01 + A22F21
= OvEo+Bo
. By
v = ——¥.
Eq

Equating the step above with the result of (1) gives
E3 — B} =0.

This comes as no surprise, given exercise 1. This is the condition for existence of a
frame O’ in which (1) E’ =0 and (2) B’ = 0.

. If a Lorentz transform is

v/c

1
\/1—1)2/02 \/1—1)2/02 00
v/e 1 0 0
Aag = \/1—112/02 \/1—112/02
0 0 10
0 0 01
find the transformation of E and B.
Solution. Rewrite the tensor as
vy By 00
a _ | By v 00
A% = 0O 0 10
0 0 01
Transform the fields to get
E, = —AGALF — AN FY =B, — B°E,) = E,
B, = —A°F?=—AGF” - A\ F'? =yE, + $yB. = v(E, + #B.)
E; = —AOWFVS = —A00F03 - A01F13 =9E. - pyB. = V(Ez - ﬁBy)
B, = —A%F® =01,
Bg,; = _A17F23 = _AloF03 - A11F13 = 'Y(By - ﬁEz)
B, = —ALF?=—NoF? - AW = (B, + BE,).

. For a rest observer A, a magnetic field B is from a current I in an infinitely long
straight wire of radius r¢, in which the charge density is zero. The second observer B
travels parallel to the wire with velocity v. Find the electromagnetic fields E” and B’
seen by B.



Solution. For observer A,

E =0
By - {%éqb 7“>7“0'
o € r<Tg
For observer B,
E|’| = k=
| = Bi=

Bl = ——— (B, +7xB))




